This paper verifies a control-theoretic approach for assessing upstream migration of individual fishes in 1-D open channels. This approach uses a solution to a Hamilton-Jacobi-Bellman equation (HJBE) for the optimal swimming velocity of individual fishes as the minimizer of the cost to migrate upstream. With the help of an analytically derived formula from the solution to the HJBE, the cost function, which is the core of the control-theoretic approach, is identified from the observed data sets of swimming speed of migratory fishes in laboratorial and natural open channels. Both advantages and disadvantages of using the identified cost function are discussed and its sensitivity analysis is carried out. Applicability of the presented mathematical model with the identified cost function to practical problems is also mentioned to indicate its potential applicability to practical problems.
INTRODUCTION
Artificially modified river environment has facilitated better flood control at the expense of degrading river ecosystems and inland fisheries through fragmenting habitats and migratory paths of aquatic species 1) , 2), 3) . Large transverse hydraulic structures, such as weirs and dams, have been physical barriers for migration of fishes along rivers as pointed out in the literatures 4) , 5) . For example, migratory fishes, such as Ayu (Plecoglossus altivelis) and Yamame (Oncorhynchus masou), are keystone species of river environment in Japan. They also are both culturally and economically important fishery resources in the country 6) . Establishment of scientific approaches for their effective management, which include restoration of river environment, is therefore an ecologically and environmentally urgent issue to be solved. Comprehending swimming behaviour of individual fishes in surface water bodies is a necessary element for restoring river environment with better passage efficiency for migratory fishes. Such scientific information can support developing a global management framework of fishery resources in river systems where artificially created physical barriers exist 7) , 8) .
A number of researches have focused on modelling the cost for migration of individual fishes where the optimal swimming speed is mathematically defined as its unique minimizer 9), 10), 11) . These conventional researches rely solely on the static conceptual mathematical modelling whose main focus is to find the functional relationship between the cost of migration and the optimal swimming speed.
The authors recently found that the optimal control theory can naturally handle upstream migration of individual fishes 7), 12) . Such approach is referred to as the control-theoretic approach in this paper. A major difference between this and the conventional approaches is that the former is based inherently on dynamic equations but the latter solely on static ones. The control-theoretic approach is therefore expected to have potentially wider application range than the conventional approaches. In addition, there is a possibility that the a priori parameterized swimming velocity employed in the conventional individual-based models 13), 14) can be re-interpreted in the context of optimal control. The control-theoretic approach would provide insights to develop ecological models from new point of views.
As in the conventional approaches, identifying the cost function is a key topic in the control theoretic approach. The previous researches heuristically assumed that the cost function is a monomial of swimming speed 7), 12) ; however, this assumption has not been verified in detail against real data, which is the motivation of this paper.
The main purpose of this paper is identifying the cost function for upstream migration of individual fishes based on the control theoretic approach. Measured data sets of the swimming speed of migratory fish species in open channels are used to identify the shape of the cost function. Sensitivity analysis on the identified cost function is also performed. The rest of this paper is organized as follows. Section 2 presents the mathematical model used in this paper. Section 3 explains the identification method of the cost function. Section 4 applies the identification method to data sets collected from the literatures. The sensitivity analysis on the identified cost function is also performed in this section. Section 5 gives conclusion of this paper and provides future perspectives of our research. = ; the former is the goal of upstream migration. The water flow along the channel is assumed to be uniform in both space and time. The water depth in the channel is assumed to be sufficiently large so that individual fishes can swim along the flow if the flow speed is not too large.
MATHEMATICAL MODEL
The control-theoretic approach starts from the ordinary differential equation (ODE) 
is the flow speed along the channel, and u is the swimming velocity whose positive direction is taken opposite to that of the flow. The flow speed V is constant by the assumption. The swimming velocity u serves as the control variable of the control-theoretic model.
(2) Optimal control problem
The admissible set of the control u is assumed to be given as the 1-D real space R . This would not be a realistic assumption considering the trivial fact that there exists an upper limit of the swimming speed for every fish species 15) . However, this simplification does not encounter significant practical problems provided that the flow speed is not higher than the maximum swimming speed.
Considering the rheotaxis of migratory fishes, the biological and ecological objective function ( )
to be maximized through a migration process 7), 12) is proposed as
where x t is the first hitting time of t X to the boundary of W conditioned on
is the ecological profit to be gained when reaching the boundary; 
where f ¢ means the derivative of f . Similar notation for the derivative is used for other functions in what follows. In this paper, the objective function f defined in Eq. (2) is assumed to be non-dimensionalized I_1148 without the loss of generality. The value function
is defined as the maximized objective function, which is expressed as
According to the dynamic programming principle 16) , the governing equation of the value function F is the Hamilton-Jacobi-Bellman equation (HJBE)
which is a nonlinear ODE subject to the boundary conditions
The solution to the HJBE(5) should be considered in the sense of viscosity solution, which is a kind of weak solutions that is possibly not differentiable 12) . A linear analytical viscosity solution to the HJBE(5) in the domain W subject to the boundary conditions is found if the profit 0 P gained at the upstream-end is sufficiently large. In this case, the derivative ( ) 
Eq. (6) = , which is the optimal swimming velocity of individual fishes subject to the given flow field, then satisfies
Eq.(7) guarantees non-negativity of the swimming velocity * u , which can therefore be regarded as the swimming speed. Substituting Eq. (7) to Eq.(5) leads to the nonlinear ODE on the optimal swimming speed
where the asterisk " * " of * u that represents the optimality has been omitted from Eq.(8) for the sake of simplicity of the description. The same simplified description applies to the equations presented in what follows.
IDENTIFICATION METHOD OF THE COST FUNCTION
Eq. (8) is used for identifying the cost function f from measured data sets of the swimming speed of individual fishes and the flow speed in real open channels. The observed swimming speed is assumed to be identified with the optimal swimming velocity u in the model. The inequality
where g V is the ground velocity is assumed since the interest here is upstream migration of fishes. Assume that the upstream migration of individual fishes under observation follows the dynamics presented in the previous section. Then, it would not be restrictive to expect that for each fish species there exists a functional relationship ( )
where
is a function such that
for u that does not exceed the biologically possible maximum swimming speed of the fish species. Eq.(10) means that the optimal swimming speed u can be regarded as a function of the flow speed V . This is a valid assumption according to the literatures that experimentally and theoretically deal with migratory behaviors of fishes 9), 17), 18) . Substituting Eq. (10) to Eq.(8) derives the ODE of the optimal swimming velocity u as
Solving Eq. (12) for the cost function f yields ( ) ( )
where ( ) 0 C > represents the coefficient of integration, which can be set to be 1 since the cost function f has been non-dimensionalized and the interest of this paper is its shape. Once the function h is identified, the left-hand side of Eq.(13) can be computed analytically or numerically. Identifying the cost function f thus reduces to identifying the function h . From the viewpoint of practical application, it is better to find the function h such that the left-hand side of Eq. (13) is found explicitly. Note that the formula (13) can also be used for identifying
APPLICATION (1) Data for identifying the cost function
The migratory fish species examined in this paper are Ayu 20), 21) , Roach (Rutilus rutilus) 9) , Salmonid (Oncorhynchus nerka) 11), 18) , and pallid Sturgeon (Scaphirhynchus albus) 22) . These fish species that possess rheotaxis are selected because of data availability in the literatures and their ecological and economical importance, although some of them are not common in Japan. The average body length (BL) of each fish species is provided in Table 1 . The maximum (Max), minimum (Min), and standard deviation (Std) of the BL are also presented in Table 1 depending on the data availability. Details on biology and ecology of these fish species are not reviewed in this paper because of the restriction of total number of pages.
The data (swimming and flow speeds) on Ayu were measured in a fishway 20) and in the mainstream area of an experimental flume 21) . The data on the Roach, Salmonid, and Sturgeon were measured at real rivers 9), 11), 18), 22) . Although not all of the data have been measured in truly 1-D open channel flows, they can be used for verifying the present mathematical model assuming that the individual fishes locally migrated in the upstream direction of a streamline created in a given flow field. The data plot whose swimming speed u is not significantly different from the critical swimming speed C u , which has conventionally been estimated as C 10BL u = 21) , should be carefully handled because migratory fishes use different muscles in cruise and burst regimes. Although clearly separating the two swimming regimes from the data is in general not possible as discussed in Onitsuka et al. 23) , this paper simply omit the data with
(
2) Identification of the cost function
The cost function f such that the left-hand side of Eq.(13) is found analytically is identified from the data set regarding the measured swimming speed of the individual fishes as the optimal swimming speed. A try and error approach with the collected data sets shown later suggests
with the constant ( ) 
Eq. (14) analytically leads to the cost function f . Substituting Eq. (14) to Eq.(13) derives ( )
which complies with the conditions stated in Eq.(3).
By Eq. (14), the algebraic equation
for a fixed flow speed V has unique stable solution u complying with Eq. (9) if
is the positive maximizer of
. It should be noted that T u does not represent the biologically determined maximum swimming speed but simply serve as a threshold so that Eq.(18) admits unique stable solution. Figs.1(a) through 1(d) show the collected 14). Table 2 provides the identified a , b , m , T u , and ( ) T f u . Fig.1 shows that the present model demonstrates moderately higher R 2 values except for the Salmonid. The present model effectively captures apparent convexity of the plots. The threshold T u is larger than the critical swimming speed C u except for the Roach that both of the models demonstrated highest R 2 values. The reason to this phenomenon is still unclear, but this indicates that the present model is not applicable to all migratory fish species, which requires further investigation in future researches. Advantages and disadvantages of the previous and present models are briefly discussed. An advantage of the present model is higher accuracy of predicting the optimal swimming speed for given flow speed as demonstrated in Fig.1 with higher R 2 except for Roach and the convex shapes that are consistent with the measured results. On the other hand, an advantage of the monomial model is its simplicity, which is more practical for real applications where only sparse data is available to find a relationship between u and V . A possible disadvantage of the present model is T u as further discussed below. A similar disadvantage has been found for comparably simple nonlinear models.
(3) Sensitivity analysis
Using the flow speed V as an input, sensitivity of the unique stable solution (optimal swimming speed) u to Eq. (18) The parameter values for the Sturgeon do not belong to X . However, it has been checked that the gradient of u on a and b for the Sturgeon is smaller than those of the others, indicating the least sensitivity. Figs.2(a) through 2(d 
CONCLUSIONS
A control-theoretic approach for upstream migration of individual fishes was presented. The formula (13) derived from the HJBE is the core of identifying the cost function. The identification method was applied to real data of the swimming speed of four migratory fishes. The cost function was successfully identified from the data, which qualitatively better reproduced the observed data than the previous model. Advantages and disadvantages of the present and previous models were discussed focusing on their application ranges.
Future researches will explore biologically more reasonable cost functions. Applying the present approach to more realistic problems, such as migration of individual fishes around hydraulic structures, was not addressed in this paper. However, owing to dynamical nature of the approach, such problems can be handled once a cost function is specified and a flow field is provided. The present approach has recently been applied to assessing fish passage efficiency of fishways equipped with weirs in Hii River, Japan 7) . Model application to migratory behaviour of schooling fishes can be performed with the help of a mathematical concept 26) to handle multi-body dynamics.
